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The solution of the problem of the motion of a fluid with a free surface
presents a great difficulty, as is well-known: it is difficult to satisfy
a boundary condition on a boundary which must be found in the process of
solution.

The problem is somewhat simplified in the case of self-modelling
motions for which the hydrodynamic quantities are functions of the ratio
x/t, y/t and z/t. The problem of the entry of an infinite wedge into a
half-space occupied by an incompressible fluid can serve as an example.
Approximate methods of solution of this problem can be found in [1-5]
and others; the problem of the entry of a wedge has been considered in
nonlinear formulation in [6-8].

The problem of the entry with constant velocity v, of a wedge of
arbitrary opening angle 2a into a half-space occupied by an ideal incom-
pressible and weightless fluid is considered below. This problem of a
domain with an unknown section of boundary is reduced to the problem of
determining a function, analytic in the upper half-plane, in accordance
with a nonlinear boundary condition prescribed now on a known boundary
— the entire real axis.

In view of the complexity of the boundary value problem obtained,
the auxiliary problem of the propagation of a continuous pressure on
the free surface of an incompressible fluid is considered. We note that
the problem of the penetration of the wedge can be considered as a
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problem of the unsteady motion of a fluid generated by the propagation
of some continuous pressure along the free surface which bounds the
fluid. The auxiliary problem under consideration is also reduced to a
nonlinear boundary value problem, some of whose particular solutions

can be found by an inverse method. In the present work one exact particu-
lar solution is found.

1. The motion of a fluid arising as a result of the penetration of a
wedge is a potential one. The velocity potential P(x, y, t) satisfies
the Laplace equation

P [0z 4 o [ dy* = 0 (1.1)

and the following conditions on the boundary of the domain ABCD (Fig.1)
of the disturbed motion of the fluid (the
boundary of the domain changes with time):

2 I
a) the condition of constant pressure
on the free surface
(1.2) 8
o9 / dt -+ () [(d@ / 8x)* +- (99 [ 9y)®} = 0 on BC [~
17} (4
b) the condition of impenetrability on z
the solid boundary \\\///
89 /dn = vysina  on AB (1.3) A
¥/

c) the condition of symmetry
8¢/ 0z = 0 ondD (1.4) Fig. 1.
In addition, the condition
¢ / 0r = dpjoy =0  for |z| — oc
and the initial condition ¢(x, y, 0) = 0 must be fulfilled.

Along with condition (1.2) there is a kinematic condition on the free
surface which expresses the fact that fluid particles which are found
on the free surface remain on it during the entire time of the motion

%% _ 0/ed% 0f

Eill v e A (1.5)

Here y = fo(x, t) is the equation of the unknown free boundary of the
fluid.

2. Let us introduce the self-modelling variables £ = x/vot and 1 =
y/uot. Then

@ (,y, 1) = »2@ (§, M)
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where O(§, 1) is a harmonic function of the variables §, n. The domain
ABCD is fixed in the plane of §, n (Fig. 2); the equation of the free
surface has the form 1 = n($).

Conditions (1.2) and (1.5) transform respectively into conditions

O oD 1 /0D 1 /6@
OE Mt 1O +7GE)F 7)) =0 @)

li) Fl)
(%—n’ (E)ag-i— B ) —n(E =0 (2.2)

Here §, 1 are the coordinates of points on the unknown curve 1 = 1().

Let us introduce the complex potential

VO =QEn+i¥ En, =840

71L The Lagrangean integral of (2.1) can
then be reduced to the form 2.3)
B ’ 1 ’ 77 7+
Re V(O =V @I+ gV QV (=0
A
0“ s Where the complex variable { is a point
& on the unknown curve n = n(§). Condi-
A tions (1.3) and (1.4) can be written in
the (-plane in the form
b/
—iotyre S
FIG. 2. Re [¢ V' (§)] = sina on AB (2.4)

ReV' () =0 on AD

Let us introduce a new unknown function { = {(w) which conformally
maps the upper half-plane of w (Fig. 3) onto the domain ABCD of the (-
plane. The points A and B on the real axis
u into which the points A and B of the (-

plane transform can be given. v}
Wau+ty
Since the parametric equations of the
curve 1(&§) have the form § = Re ((u), N =
Im ((u), the derivative n'(§) in condition 4442242444224432Z492242
(2.2) is then equal to ¢ ) A b/
Im §’ w)
M) =ReT ) hw=u (2.5
Fig. 3

The complex potential V() transforms
into the function V({(w)), which we shall
denote by the same letter V([(w)) = V(w). In addition

1
V@ Lty =V ) gy (2.6)
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Taking (2.5) and (2.6) into consideration, we shall reduce conditions
(2.2), (2.3) and (2.4) to the form

1 ’ e 7N ’
Rep (o 2 [0 (WL —V (W] =0 OnBC (—oo <u<0, v=0) (27
1V W)V’
Re[V (u)—%V’ (w) ]-1——2'%:0 (2.8)
. .
Re[e-‘“ V' (u) W)_]: sina on BA (0 <u<uy v=0) (2.9)
Re%,—f%:O on AD (u, < u <+ 0o, v=0) (2.10)

Conditions (2.7) to (2.10) are given on the real axis u., For mapping
the function Q(w) we have, in addition, the conditions that sections BA
and AD of the u-axis transform into known parts of the boundary of the

domain ABCD.
Re [e**f (w)] = sina on BA, Re {(u) =0 on AD (2.11)

The argument of the function ('(w) is known on BA and AD, by virtue
of which

¢ W) = — ie*|¢’| on BA, U@ =—ilt'| onAD (2.12)

Using (2.12), we shall transform conditions (2.7) to (2.11) to the

form

Re [#" (W] =Re [il’ WTW] onCB(—oo<u<0,v=0 (543

Re VW)L T (W—5@f @V @]+ YV WV (w) =0 2.44)

Re [V’ (W] =sina |l ()], Rele®f ()] =sina onBA(0<u<xuy,v=0)
Re [iV' ()] =0, Rel(w) =0 onAD (uy <u <+ oo, v=0) (2.15)

The initial problem has been reduced to the problem of determining
two functions V(w) and Q(w), which are analytic in the upper half-plane,
in accordance with the boundary conditions (2.13) to (2.15) given on
the real axis u of the w-plane, to a nonlinear boundary value problem of

the Poincaré type for the upper half-plane.

Eliminating one of the unknown functions from conditions (2.13) to
(2.15), we shall reduce the problem under consideration to a boundary

value problem for a single function.

3. From conditions (2.13) to (2.15) it is obvious that the real part
of the function iV'(w) is expressed by the function ;(w) on the entire
real axis (the first condition on each section of the u-axis)
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Re [V (0)]yey= Re (i) (= o0 <u<0)
Re [V’ (0)]y_y = sina |l (w)] 0O<u<uy) (3.1)

Re [V’ )],_, = 0 (1, < u <+ o0)

Using these conditions, we shall express the complex potential in
terms of the mapping functiom [(w) with the help of the Schwartz inte-
gral for the upper half-plane

1+w d
V) - — % By 62

X}

Here p(u) is & real, piece-wise continuous function which has dis-
continuities of the first kind at the points u = 0 and u = uy
Re (it'D)  (—oo<u<0)
u(u)={sina!§’(u)l O <u<uy)
0 (w4 S u<l+ o0)

The Schwartz integral determines the function iV'(w) to within an
imaginary additive. But the integral in expression (3.2) and the func-
tion V'(w) vanish at infinity, by virtue of which the constant must be
zero. Integrating (3.2) with respect to » (this is possible as long as
the point w is found in the upper half-plane), we obtain

*oo
V(w):%&ln(u—w)p(u)du»{—c {3.3)
-0

Here ¢ is a complex constant. Formula (3.3) expresses the complex
potential V(w) in the w-plane in terms of the mapping function Q(w). In
addition, if V{(w) and Q(w) are related by expression (3.3), the first
conditions of (2.13) to (2.15) are then fulfilled. Let us now eliminate
the function V(u) from the second conditions of (2,13) to (2.15), making
use of expressions (3.2) and (3.3) for this purpose.

Let us find the limiting values of the functions V(») and V'(w) as
v = u, mo is a point on the real axis u). The value of V(“c) at the
point ug of the real axis u is obtained by the direct substitution of
ug for w in formula (3.3) so that

+00
1
Vi) = o S In (u — ugypp (u) du + ¢ (3.4)

-0

For the limiting value of the function V'(v) as w — uy from the upper
half-plane we have, according to the formula of Sokhotskii £9]
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1
V’ (ug) = — in (ug) — - S u {(w) {3.5)

The integral in expression (3.5) is understood in the sense of the
Cauchy principal value. Substituting the limiting values of the func-
tions V and V' according to formulas (3.4) and (3.5) into the second
condition of (2.13), we obtain after some re-arranging

+00 +00

1 — 1 — e
Rel{ %t () Tl \ 1 (0 Inlu— wgldu+ 3w Ea0 | o) 725} GO

u - Uy

- —CQ

400
iri¢ d 2 1 N —
43 Vb 2 T SRe € ) Tl + ol W T@ = 0, — 00 <ty <0

. u—u,
~C0

Here ¢y is a real constant (cq & ﬂ"l Re ¢).

Besides condition (3.6) we have for the function [(w) on the positive
part of the real axis u the second conditions of (2.14) and (2.15)
3.7y

Re [%0 (u)] = sina O <<ugSuy),  Rel(u) =0 (uy Sup <+ o0)

Condition (3.6) is a transformed expression of the Lagrange integral,
and it is satisfied on the negative portion (-~ ® < uy < 0) of the real
axis u, which corresponds to the unknown free boundary of the fluid in
the {~plane. Conditions (3.7) represent geometric conditions for the
mapping function ((w).

Thus, the problem of a domain with an unknown portion of boundary has
been reduced to a boundary value problem of determining a function [(w),
apalytic in the upper half-plane, in accordance with the nonlinear con-
ditions (3.6) and (3.7) which are given on a known boundary, on the
entire real axis.

4. Let us consider the problem of the propagation of a continuous
pressure along the free surface of an incompressible fluid.

Let some continuous pressure begin to be propagated along a free sur-
face at the moment t = 0 from a point 0 of the surface.

Let us locate the origin of the Cartesian coordinates x, y at the
point O with the x-axis directed horizontally along the undisturbed
free surface and the y-axis directed vertically upward. In order that
the problem be self-modelling, we shall consider that the function
p(x, y, t) which gives the pressure distribution on the free surface is
a function only of the ratios x/vot, y/vot (vo = const). The surface of
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the fluid is deformed under the action of the applied pressure, its
form is not known and must be determined in the process of solution.

The fluid motion under consideration is a potential one. The problem
of determining the disturbed fluid pressure is reduced to finding a
velocity potential @(x, y, t), a function which is harmonic with respect
to the variables x, y in the domain occupied by the fluid and which
satisfies the following conditions:

the condition on the unknown deformed surface of the fluid

dp  17/8p\2 jog\2l  plz,y, 0)
s+ 7+ (5) ]+ Bt =0 @
the condition
§£==g§== 0 for jz]— oc

and an initial condition

¢ (x,y 0)=0

It is understood that p denotes throughout the excess pressure above
the initial constant pressure,

On the free surface there is, along with condition (4.1), the condi-
tion of impenetrability of the fluid surface

99 009 9,
Pl o e T (4.2)
Here y = fO(x, t) is the equation of the unknown boundary of the

fluid.

5. In self-modelling variables the function p(x, y, t) will have the
form

P @y D lg= p2?p (&, M) lpmniy = P¥62p (B)
on the surface of the fluid.

Let us introduce the complex potential V(J) = &5, ) + ¥, m)
(L = £ + in) and consider the plane of the auxiliary variable w». Let
the function Q = g(w> conformally map the upper half-plane of w onto
the domain of the fluid motion in the (-plane so that the point { = o
transforms into the point v = o,

From condition (4.2), in the same way as in the previous problem,
let us express the functions V'(w) and V(w) in terms of the mapping
function
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+00
1 ¢ - d
V) =— | Re (0D 5.4)
1 -
Viw = S Re (it'D) In (u —w)du-+ ¢ (5.2)

Here ¢ is a complex constant.

After finding the limiting values of the functions V{(w) and V'(w) on
the real axis and eliminating them from condition (4.1) (transformed
beforehand, as in the problem of the wedge), we obtain

+00 oo
1 ¢ _ L o
Re {—E ry & Re (i’ Inju~— ugldu + .Egg S Re (it’D) umuun}_!’
11 - P o
i E[’? S Re (LD u—uun] — 5 [Re (LDP + L'Tp(ReD+e,l’'T =0  (5.3)

Here c; is a real constant.

The initial problem has been reduced to a boundary value problem for
a function ((w) which is analytic in the upper half-plane Im » > 0 and
which satisfies condition (5.3) on the entire real axis.

6. After giving the form of the free surface in the [-plane and
selecting an analytic function Q(w) which maps the upper half-plane of
w onto the domain of the Q-plane bounded by the given curve, it is
possible to obtain from equation (5.3) the pressure generated by the
given deformation of the surface, i.e. to obtain a particular solution
of the problem by an inverse method; in addition, the following circum-
stance should be noted.

There enters into expression (5.3) an integral of the Cauchy type
and also an integral with a logarithmic kernel and the same density.
The function represented by the integral of the Cauchy type vanishes at
an infinitely removed point, the coefficient of w’1 in the expansion of
this function in the neighborhood of an infinitely removed point being
equal up to a constant multiplier to the integral

oo
ay = S Re (i¢'0) du
-00
1f al'# 0, the existence of the integral with the logaritbmic kernel

leads to the condition that the pressure obtained from equation (5.3)
will have a logarithmic singularity at infinity, i.e. it will be
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infinitely large, generating however a finite displacement of the
particles of the free surface, In order to avoid this singularity, the
function {(w) must satisfy the condition
+‘OD
X Re (i’ du = 0 {6.1)
-

Equation (6.1} represents the condition that the positive and nega-
tive areas bounded by the curve of the free surface and the real axis
are equal. In other words, (6.1) is the consequence of the condition of
incompressibility of the fluid.

7. Let the surface of the fluid be represented in the {-plane by the
curve S, shown in Pig. 4.

Let us find the pressure whose propagation along the free surface
generates a prescribed deformation of the surface of the fluid. The
function Q(w) which conformally maps the upper half-plane of w onto the
region bounded by the given curve S in the [-plane has the form

i X
7;7‘ ’ g(w)z_w"%"(w-l—iﬂ)z“t’w-i-ib (1.1)
4 82 J ¢ Here o, B, y, & are real constants,

where B > 0, 5 > 0. These parameters
must be selected so that the function
[{w) satisfies condition (8§.1) and

Fig. 4. also the condition of one-sheeted-
ness IQ'(w) # 0| everywhere in the
upper half-plane

2

Caleulating the integral (86.1) with the help of the theory of
residues, we obtain from (6.1) the equation

3a? 4 2
st e tam—T1=0 (1.3)

which «, [, y and 8 must satisfy. The parametric equation of the curve
S is

2 2 . 2 8
E = — u'i‘(uzof%z)z‘*‘uz?éz‘ n= a{,f?,*_ gf)s)“‘uz_z.aa (7.9

The pressure generated by the prescribed deformation of the surface
is determined from equation (5.3)
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1 Re {7 | 1t 1 71 = d
PO+ g &Re @D by o ) Re @D o[
-00 —0 i
+00
1 143
-+ ] S Re (iL'D) In |ugy— u | duy— 1 [—EEE(%-—)-]—B«}— =0 (7.5)

The real constant ¢y is found from the condition
p=20 for {u|— o0 (7.6,
and the singular integral with the Cauchy kernel and the integral with

the logarithmic kernel are computed with the help of the theory of
residues and have the form

+00
1 2y 2a 11
_’?;& 05D g = 20 [+ g op - 21t~

4 221942
-—4&§[ "’gg?;"‘(ﬁ_}’_é)a](ua_tﬁz)z‘{‘ 1y + 289 (us_;_‘(gz)s“?’ aﬁliig_i/_?ég)j* i +

207w (B (u? — &%) — 8 (u?— BH]  207du (u? — 3 - 2afyu (B* — 3u?)

T o @ P W@+ B9 (2 + 89
+00
1 2 :
S Re(i0’O Inluy— ulduy = 0‘{ 544“ ® _{_Té)s_}m ;Lz i gz +

—00

i a Y 1 oy +29 1 a(UpP o 1
+25[2—“1;B—3"(I5+6)2]

w4 B2 2 u 4+ 82 2 (i F p9? +
B2 — 6%? [uz—Hiz + 52 WU ] + BT 6t 1 62

oy (1B + 8 — AP0 — B8 u + 8 201 (5 —) (uz + 52)2
(52 i 62)3 u2 + ﬁz + (BE _— 62)8 u2 + ﬁ2

The following combination of parameters, for example, satisfies equa-
tion (7.3):

o = 3.2003, B=2, T = 0.25, 8= 5 (7.7

Moreover, the inequality (7.2) is also fulfilled because the modulus
of the function representing the sum of

the second and third terms in the ex- A

pression (7.2) cannot be greater than

0.801 everywhere in the upper half-plane /

Im w > 0 for the prescribed parameters ____ ? —Z AN f : 'E
«, P, y and 8.

For the prescribed parameters «, [, Fig. 5.
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vy and § we obtain from condition (7.6) that €y = — 0.00829. The curve
of the pressure in dimensionless form has been computed for the para-
meters of (7.7) according to formula (7.5) and is presented in Fig. 5.

Thus, if the pressure represented by the curve shown in Fig. 5 is
applied to the free surface of a fluid, an exact solution to the problem
of the generation of the fluid motion is given by formulas (5.2), (7.1)
and (7.4).

Formulas (5.2) and (7.1} determine the complex velocity potential in
the entire domain of the fluid motion (in the w-plane), and formulas
(7.4) give the parametric equation of the curve of the deformed surface
of the fluid in the [-plane (Fig. 4). The function g(w> given by formula
{(7.1) maps the upper half-plane Im » > 0 onto a domain near the domain
occupied by the fluid during the entry of a wedge into it, This circum-
stance gives the possibility of using the obtained function (7.1) as the
zeroth approximation for finding a solution to the nonlinear integro-
differential equation in the case of the problem of the penetration of
a wedge,
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